TRANSFORMATIONS T OF CONJUGATE SYSTEMS OF CURVES ON
A SURFACE*®

BY

LUTHER PFAHLER EISENHART

When a surface § is referred to a conjugate system of lines, its point codrdi-
nates are solutions of a partial differential equation of the Laplace type,
called the point equation for the given conjugate system. Throughout this
paper we consider surfaces referred to conjugate systems, and hence we will
use the symbol S to denote either the surface or the parametric system upon
it, as the case may be. When the developables of a linear congruence G
meet § in the parametric conjugate system, we say that G and § are conjugate
to one another. A second surface S; conjugate to @ is said to be in the rela-
tion of a transformation T to S, or to be a T transform of §. Darbouxt has
shown that each solution ¢ of the adjoint equation of the point equation of S
determines a congruence G conjugate to S, and that each solution of this
point equation determines for any of these congruences G a conjugate surface
S1. Hence each pair of function ¢ and 6 determines a transformation T,
and every such transformation is so determined. It is the purpose of this
paper to develop the theory of these transformations.

It is shown that if S; and S; are two T transforms of S, there exist «?2
surfaces S12 each of which is in the relation of transformations T with S,
and S;, and the determination of these surfaces requires only quadratures.
We have thus proved the existence of a theorem of permutability of trans-
formations T', which includes a similar theorem for the transformations K of
conjugate systems with equal invariants} (see § 9), just as the latter embraces
as a particular case the theorem established by Bianchi§ for transformations
D, of isothermic surfaces. In § 12 we extend the theorem of permutability
s0 as to be concerned with eight surfaces.

When the function 6 determining a transformation is a constant and the
point codrdinates are in the cartesian form, the corresponding tangent planes
to S and S; are parallel, in which case we say that we have a parallel trans-

* Presented to the Society, Dec. 27, 1916.

t Legons, vol. 2, pp. 225, 227.

1 Cf. Eisenhart, These Transactions, vol. 15 (1914), pp. 404-8. Hereafter this
memoir will be referred to as M,.

§Annali di Matematica, ser.3, vol. 11 (1905), pp. 93-158.
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formation. This result and the consideration of the relation between two
transformations I’ determined by the same ¢ but different functions 6 lead
to results formerly found by the author* for certain types of transformations T
and later by Jonas,t and enable us to put the equations of a general trans-
formation T in another convenient form.

In § 9 we consider in particular the case where the point equation of S has
equal invariants and its transforms possess the same property. The resulting
transformations are the transformations} K previously studied by us in their
relation to the transformations of Moutard of differential equations. As
there shown, these transformations K include the transformations D,, of
isothermic surfaces discovered by Darboux.§

Transformations T can be treated analytically also in terms of the tangential
codrdinates of the surface. This is done in § 10, and the relations between
the two sets of equations are determined. In particular, the case where the
tangential equation has equal invariants is studied, with the result that we
are led to the transformations Q previously discovered by the author. ||

If «, y, z are the cartesian coérdinates of a surface S and w is any solution
of the point equation of S, the surface S whose cartesian codrdinates are
z/w, y/w, z/w is referred to a conjugate system. We say that S is a radial
transform of §. Combinations of radial and T transformations are studied
in § 13 in relation to the theorem of permutability of transformations T.
In particular, it is shown that this theorem can be applied when a radial
transformation is treated as a special type of transformation 7.

1. TRANSFORMATIONS T IN HOMOGENEOUS POINT COORDINATES

The necessary and sufficient condition that four functions, z, y, z, w,
be the homogeneous point codrdinates of a surface S, referred to a conjugate
system of lines of parameters « and v, is that these functions satisfy an equa-
tion of the form

d%6 a0 a0
L dudo T aut Lo T =0
where a, b, ¢ are functions of w and v. We refer to this equation as the point
equation of the conjugate system.

It the developables of a rectilinear congruence meet S in the parametric

*Rendiconti di Palermo, vol. 39 (1915), pp. 153-176. Hereafter this memoir
will be referred to as M.

tSitzungsberichte der Berliner Mathematischen Gesell.
schaft, vol. 14 (1915), pp. 96-118.

1 M, pp. 397-430.

§Annales de 1’¢cole normale superieure, ser. 3, vol. 16 (1899), pp.
491-508.

I M.
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curves, the congruence and the parametric system are said to be conjugate
to one another. Darboux* has shown that when a solution ¢ of the adjoint
equation of (1), namely

#9303 ( _da b\, _
) dudo 6u_—b_¢'}v+(c 6u—6v)¢—0’

is known, a congruence G; conjugate to the parametric system is given by
quadratures. In fact, the point codrdinates, z,, y,, z;, wy; &, , ¥y , 2, , w, of
the focal points F, and F; of the congruence are given by expressions of the

form
0
: _—.f¢1(a—z+bx)du+r(—%— a¢>1)dv,

" ad ]
x; =fx(aq§l b¢1)du+¢1(£+ ax)dv.

Furthermore, each solution of (1) leads by quadratures to another conju-
gate system conjugate to the above congruence. For, if 6, is a solution of (1),
the function ¢, given by

0
(4) g1 = f¢1(6 l+b01)du+01<5¢£——a¢1)dv,

is a solution of the point equation of the surface (F), the locus of F;. Hence
by the theorem of Levyt the surface S;, whose coérdinates are given by equa-
tions of the form

©))

’ gy ax; g1
(5) xl—xl—allav—xx—olx,
av

is conjugate to the congruence G, whose focal surfaces are (F;) and (F,).
We say that S; is obtained from S by a transformation T'.

The equations of S; can be given another form, if we look upon the lines
of the congruence G, as tangent to the focal surface (F} ) also. Evidently
the function 74, given by

d a0
(6) n=f01(5%—b¢1)du+¢1<a—;+a01)dv,

is a solution of the point equation of (F; ). Hence the equations of S; can
be given the form

) 21 =—x}'+;—::c

* Legons, vol. 2, p. 225.
tJournaldel’école polytechnique, cahier 56 (1886), p. 63; also Darboux,
Lecons, vol. 2, p. 222.
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From (4) and (6) we find the relation

(8) 610, =01+ 71.

From (5) or (7) we get by differentiation

9 O _ i(z) dzy _ 2(3
) gu ~ Mou\6 )’ - T Taw\6 /-

2. THE INVERSE OF A TRANSFORMATION T
It is readily found from (9) that i, y1, 21, w, satisfy the equation

Qf_ﬂ_’l_g_}( alogel)a(h 1-1( alogﬂl)%_o
dudv 71 v du o1 Ju do

Since the relation between S and S; is reciprocal, there exist functions
¢ and 67! by means of which S is the transform of S;. We shall show that

¢10:

o171’

(10)

(11) 7' =1, o' =

We remark that as the congruence G; is the same, on the assumption that
67' = 1, we must have analogously to (3)

d , d d log 0
51;([)27[) o1 [—xl—g(b‘F ag l)‘”l]:

9. doi! 2( d log 01) .
a,v(pxl) - ml[ av 1 a + a,v ¢1 ’

where p is to be determined. If the value of x; from (5) be substituted in
the first of these equations, the result is reducible to the form

(12)

dx
A&¢ + Bx =0,

where 4 and B are determinate expressions. Since similar equations hold
iny, 2, and w, 4 and B must be equal to zero. From these equations we find
that p is 1/0 and that ¢;' is of the form (11). It is readily shown that these
values satisfy the second of (12).

From (4) and (6) we have

(920'1 1 60'160'1 0
Juds = 0,6, 0u o0 T Orérks

621'1 1 811671 0
Judo ~ Oy 9u oo T 011k

where & and k are the invariants of (1) and are given by

(13)

ab
(14) =—4ab—c, k=a—v+ab—c.
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By means of (4) and (6) equation (10) may be given the form

#6 o 9 _m dndl_
Judv 7'101¢1 0v Ju 0101¢1 Ju v

In consequence of (13) the adjoint of this equation is reducible to

62 ¢; o1 611 6¢1 T1 6_;_"1 a_gﬁ

9o T 710, 6100 9u T o101 1 9% 9

(15)

, 1 (a00m, , dnon

__1_<o_16_f_@ ndo 3o\ _
61\ 7: Ou v ' gt du O -
From (11) we find

Fort_1ominntin Lnanatin o, (4 L)
dudv  7i0u M 71011 ' oidu v 016, ¢ 11 T§+a? )

Making use of this result, we verify readily that ¢ is a solution of (16).
If ¢, is any solution of (16), then

02 (QS;) T1 (70'1 (¢1>+ 21 afla(ii_)
dudv ! 0; ¢1 01 av au ¢f1 0, ¢1 71 Ou 90 ¢;l )

Hence if ¢; and ¢, are two solutions of (2), the equations

b1z b2 P12 9 (¢
(17) au( *‘) ‘au(m)’ av(_‘)“'“a“«’(a)

are consistent, and the function ¢;; so defined is a solution of (16).

3. TRANSFORMATIONS T IN CARTESIAN COORDINATES.
PARALLEL TRANSFORMATIONS T

We consider now the case when the point coérdinates are non-homogeneous
and rectangular. The point equation is of the form

a0

(18) EYEm + a

+ b = 0.
When we take w = 1, we have from the corresponding equation (9)

ow; d (1 Jw; d/(1
(19) u - ”au(o_l)’ w "lav(el)'

Moreover, the cartesian codrdinates x1, y1, z1 of S; are given by equations-
of the form

a dfx ] dfcx
(20) 5?‘4(561101) = Tl&;(a); %(xl’wl) = - 01%(0—1)-
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By means of (19) these equations are reducible to

6:::1 _ T1 ( a_x 601

ou w6} b1, T (21 — @) 6u>’
(21)

8:01 _ 01

dx a0,
d w 0f<elav + (2 - x)$>.
Now the point equation of S; is

9 6, [«?_lpg wi_ (a 49 log 01)11]601

dudv v dv 1 | du
(22) d1 dlog @ a6;
0og w1 _ og Uy E oY,
+[ du (b+ du )al]av =0.

The adjoint of this equation is obtained by replacing ¢, in (16) by ¢1/w;.
We consider the transformations for which ¢; is any solution of (2) and
6, = 1. The corresponding functions ¢; and 7, are given by

0'; =fb¢1du+(?‘%— a¢>1>dv,

1 =f(%— b¢1)du+a¢1dv.

It is readily shown that these particular values are in the following relations
with the functions ¢; and 7; as given by (4) and (6):

(23)

, @
(24) T'=E_w" 0'1=0_i+’wl.

If S® denotes the corresponding transform of S, and its cartesian coordi-
nates are denoted by z®, y® , 2 | we have from (19) and (20)

92® 0z 9= 0z
ou  ouw’ aw - " Do
From the form of these equations it is evident that the tangent planes to S

and S® at corresponding points are parallel. Hence, when 6, = 1, we have
the parallel transformations T .

(25)

4. THEOREM OF PERMUTABILITY OF TRANSFORMATIONS T

Suppose that we have two transforms S; and S, of S determined by the
respective sets of functions o1, 7, and o3, 7o, where o2 and 7, are given by
(4) and (6) when 6, and ¢; are replaced by 6, and ¢.. A solution 6y, of equa-
tion (22) is given by the quadratures

dJ 6 02 ad 6 02
(26) @(’wxom) = T16u<01)’ av(wlom) = —Ulav(ol),

which are of the same form as (20).
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We consider the surface S;2 obtained from S; by the transformation 7 deter-
mined by 612 and ¢y, as given by (17), where now

@7

o _Wibi¢n
o = T101
The function wje of this transformation is given by
Qs a (1 wy a(1
(28) ou TR 6u<012)’ v m 61)(012)’

where 015 and 71, are defined by equations analogous to (4) and (6), namely

a6 d1 0 log 0
o’lz—f¢12[ 12+ 12{ giuh (b+ %8 1)61}]du

ou

6¢12 (2}_0&‘ w1 ? log 01
+912[ o —¢12{ o ( + o )TI}]dv,
(29)

d al dlog @
Tia =f012|:‘a%‘2“ ¢12{"%§‘1ﬁ— (b —I—&)%}]du

u

30,2 9 log w; ( d log 61\ ¢ }
+ ¢12[ v + 012 { E a + Y 'T] dv.
By means of (17), (26), and (27) these expressions are reducible to

a 0log 0,\6
0_12_f¢12|: ;113u< ) (b+ d log 1) lzTI]du

u g1

b12 71 91 0101w 0 [ &2
+012[ o1 b1 (a¢1—“é;,‘>+ ( )]d”:
(30)

a1 av ¢0

T2 = fﬁm[d)ual( __6_6%1,) 01 ¢ w1 9 (¢2)]du

T1 !

0’12 02 alogﬂl 0_1211
+ b [w 61(0)_(a+ v ) T ]dv.

The coérdinates 12, y12, 212 of Si2 are given by equations similar to (21),
which are reducible by (26) to

di12

T1Tie a6, 0 (0,
ou —Of szwlwlg[ 12{0126 +018u< )

—x; 0 3u\ 5, + 012 AT AL
(31)

0 _ 0101 96, 2§<0_?)
v 0% 0%, wy wre [xu { x2 o) + 0
i)
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Proceeding in like manner with S, we obtain a transform Si; by means of
functions 61, ¢21, 021, 721. The equations similar to (31) are obtained by
interchanging the subscripts 1 and 2 in (31). From these two sets of equations
it follows that S;» and S; are the same surface, if

T12 71 02 091 Wy wa1 = 721 72 01 010 Wy Wi,

(32)
012 01 03 021 we wo1 = 091 02 01 012 wy W12,

and
(33) Z1z = O12 (2102021 + 20, 012 — 012 01),
where

1
(34) ‘9— = 02 021 + 6, 912 — 012 021 .

12

When we express the condition that this value of z;, shall satisfy equations
(31), we get

9, 6 01 612 T ae
[1'121'1—910;21011012912( : 21’“'l' : 1212—912021)][351(—0216—;

01 w1 02 wa
a6 a0, a0, a0, a0,
- 02@ + 016_2:) +32(012£+ 02"37 - 01&;)

a6, a6, 1 0z
- fC(ezlau +0126_u>+9—125-z;] =0,

6,0 6.6 a6
g12 01 + 01 612 w1 w12 O12 < 2012:1 + 10212):2 + 612 091 )] [931 ( - 021_6—1;2

36, 06, a6, 00, a0,
— 0, £ + 61 W ) +932(012 £ +02% - ol’a_v')

a0, a6, 1 oz
- $(021 o + 012 av ) +9126’U] =0.
On the assumption that 6, and 6, are independent, these are equivalent to

02 02101 0101200
01 w1 02 We

+ 612 021),

g1012 = — 01 012 w1 w12 612(

0205071 0101272
01 w1 02 We

Ty 112 = 01 012 w1 w12 One ( — 012 021 ) .

From these equations and one analogous to (8) we obtain

, 1
$12 =0 (_ $102 + (0172 — 02 71) 02 ’wz)‘

When this value is substituted in (17), we find that the transformation func-
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tions must have the expressions

W2
“12 = 9 012 012
P12 = w—;g:% (- we 021 + a;la (201 — 71 0’2)) ,
(35)
= — Wy Wa (02 03101 0101209 + 8y 021)
o1 0, wy 02 we ’

wyWe 0202171 0101272
Tie = ( 8, + O, w5 012 021)-

It is readily verified that these values for a1 and 72 satisfy equations (30).
In consequence of (35) equation (33) can be written

(36) 01 012 w1 12 = Wy (02 02y 21 + 0101525 — 012 051 2).

Thus we have established a theorem of permutability of general trans-
formations T. There are two arbitrary constants involved, namely in the
determination of 6;2 by (26) and of 62 by

9 _ . 9(6: 9 _ 9 (0
@B7) gy (weba) = ”au(ez)’ gy (W2 0a) = — ‘”av(o2)'

Accordingly we formulate

Taeorem 1. If Si and S are two transforms of S, there exist 2 surfaces
812, each of which is a transform of both Sy and Sz; and their complete determina-
tion requires two quadratures.

We say that four such surfaces S, Si, Sz, Si2 form a quatern.

We consider, in particular, the case where S, is parallel to S. If we take
0, = 1, in accordance with (19) and (26) we have 6, = 1 as one solution.
Now (33) becomes
(38) (%12 — 22) 01 = (21 — 2) 0.

Hence we have

TurEOREM 2. If S; is parallel to S and S, 18 any transform of S, one of the
surfaces Siz 18 parallel to Sy; moreover the lines joining corresponding points on
812 and Sz and on S and Sy are parallel.

If both S; and S, are parallel to S, the functions 6, and 6, are constants.
Hence from (33) it follows that x;; is a linear function of z, x;, 22, with con-
stant coefficients, and consequently Sy, also is parallel to S.

5. ENVELOPE OF THE PLANES OF A QUATERN

If M, My, M;, M,, are corresponding points of four surfaces of a quatern,
it follows from (35) and (36) that these four points lie in a plane =. Since
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this plane contains the lines MM; and MM, which generate congruences
conjugate to the parametric conjugate system on S, it envelopes a surface =
upon which the parametric curves form a conjugate system, as follows from
the general theory of congruences.* Moreover, if II is the point of the en-
velope corresponding to M on S, the tangent at II to one of these curves
passes through the focal points F; and F; of the lines MM, and MM, respec-
tively, and the tangent to the other curve passes through the focal points
F; and F; . We will now find the coérdinates of II.
In cartesian codrdinates equations (5) and (7) are of the form

(39) w1331=$;0';_q'1-1', u‘19«‘1=—3”1’7;+21’:

01 01

where now x; ¢; and a; 7, are respectively equal to the right-hand members
of (3). Similar equations with subscripts 2 hold for the congruence of lines
MM,.

The cartesian coordinates £, n, ¢ of I are given by equations of the form

_L( , ‘ﬂx)_H[l( a.)_1 o
E—a; zw + g P nwtga |- zmw g )|,
1 T1 1 T1
(40) = — —x;w1+—x)+t2[—,<—x1w1+—x)
T 91 T 01

1 T2
——,(—x2w2 +0—x)],
Tq 2

where t; and {, are to be determined. When these two expressions for £ are
equated, we get an equation of the form

Ax + Bxy + Cxs = 0,

where 4, B, and C are determinate functions. Since similar equations in
the y’s and 2’s also must hold, we must have 4 = B = C = 0. From the
first two of these equations we get

¢1<w2 +q—2) + tl(w2 ¢1 — w1 P +ziil‘——_a£‘2) =0,
02 0102

T2 0'27'1_0'1T2>

é1 (wz - "9—2) + % (wz b1 — w1 P2 + T

These values satisfy C = 0, and when substituted in the above expressions

* Guichard, Annales de 1’école normale superieure, ser. 3, vol. 14
(1897).
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for £ we get

02 T1 — 01 T2

f(w2¢1—w1¢2+——m—>='w2¢o1x2—w1¢>zx1

01T — 02T}y

01 6,

(41)

Z.

We shall find the functions of the theorem of permutability when homo-
geneous coordinates are used. Now the functions 61, and 6,; are given by

;3 (0 96i; _ 6,(2:: =12, .
(42) ou “au(oi)’ w - " Tao\e, (j=1,2, “”)'
and the cobrdinates x12, - -+, w2 of S12 must satisfy the equations of the
form

owi; 0 fa 0xi; NES i=1,2, . .
(43) ou ""'au(o,-,-)’ w —"ifav(oij) (j =1,2, ““’)'

From (35) it follows that the functions 712, 012, ¢12 are of the form

0205111 010107

TITi2 = T2 Toy = “*‘01’—4—”—02 — 612 021,
6, 6. 0,6
(44) 01012 = 02021 = —( d 210'1+ ! ]202+ 012 021),
0, 0,
_01¢1 1
12 =0 7'1( — 01+ (g1 72— 02 7’1)02¢1)'

Moreover, the coordinate x;, is expressed by
(45) 01012 12 = 02 021 21 + 01 012 2 — 012 021 .

6. TRANSFORMATIONS I DETERMINED BY THE SAME FUNCTION ¢

We consider now the relation of two transformations determined by 6,
and 6, respectively but by the same function ¢;. If we put

* d a0
(11)2 = j 02(% b¢>1>du + ¢1<—£+ aoz)d”,

U

a0 a
(0’1)2 = f¢1(¢3z_¢2+ b02)du + 02(3‘2—1— a¢1)dv,

we have in consequence of (26)

6 0
(46) (71)2 =0—j1’1—w1012, (o1)2 =0_iﬂ'1+w1912-

When these values are substituted in equations analogous to (20), namely

X

aiu(w2w2) = (1'1)2(%(0—2) , %(xﬂl&) = - (01)2%(%2),
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the latter can be integrated in the form

]
(47) To Wy = T1 W1 — x’wlﬁ .

In like manner from equations analogous to (19) we get
w
48) wp =5 (0 — 02) +e,

where ¢ is a constant. By means of this result equation (47) can be given the
form
(49) (2 —x)we = (21 — )Wy — cx.

From this it is seen that the congruence G, of lines joining corresponding
points on S and S, is the same as the congruence G, only in case ¢ = 0 in (48).

When the above expressions for (a1)2 and (71): are substituted in (37),
we find

(7}
(50) Wy 0o = — wn 0120“; + k,

where k is an additive constant.
From (33) and (34) we obtain for the present case

(62 = b12) k

We

Om (82 — 012) k + 61 0120, W12 8, 01 +ec,
(51)
g Oy
212 (k (02 — 012) +¢0:012) =k ” Zs.

Henceif & = 0, the surface Si2 reduces to a point; if ¢ = 0, it coincides with S;.

In the inverse transformation from §; to § the function wi* has the value
1/6,, as is evident from (20). If we look upon 8 and S;; as transforms of S,
the analogue of equation (47) is

7]
(52) Zi2 Wiy = Wi (x - xla—z—).
_ 12

This equation is satisfied by the value of 1, given by (51), provided k = — 1.
Incidentally we remark that the last of (51) can be written

(53) zn=x2/(1-§—ceal).

The denominator of this equation is a solution of the point equation of S..
Moreover, corresponding points on S; and S;, are on a line through the origin.
This is a type of transformations which we will consider later (§ 13); we call
them radial transformations.

Accordingly we have
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THEOREM 3. When atransform S, of S is known, the determination of another
transform S, with the same function ¢ requires a single quadrature; then the
Sourth surface of the quatern s a radial transform of S, .

7. ANOTHER FORM OF TRANSFORMATIONS T'

Particular importance attaches to the results of the preceding section when
we take a parallel surface for S;. Asin § 3, we call it S® and its coérdinates
2®, y® 20, We take 6, = 1, then 6, = 1. Also we take ¢ = 1. Then
(47) assumes the desired form

2®
(54) n=z+ 1;1— .
In consequence of (24) equations (19) can be written
a6 , 90

au(wlol) _Tlaul 6 o (w1 01) —018 :
Hence if we put
(55) wy 0, = — 9(1'),
we have

o a0, P , 00,

(56) e TR T T

which are similar to (25). By means of (55) equation (54) is reducible to*

(57) 1 —x—a.—,:c()
The significance of this result is that the problem of finding transformations
T is reduced to that of finding parallel transforms and the integration of
equation (1).

Equations (57) enable us to show that when we take

6; = ax + by + ez, 00 = az® + by® 4 2@,

where a, b, ¢ are constants, then S; is the plane az; + by, + ¢z, = 0.
In consequence of (24) and (54) equations (39) giving the coordinates of
the focal points of the congruence G, are reducible to
x(‘) 20

xl = — 7.
1 T1

(58) 2 =

As an application of these results we seek the condition that S; shall be
normal to the lines of the congruence G;. From (57) it is seen that 2@,
y©, z® are the direction-parameters of the lines of this congruence. Hence

* Cf. Jonas, L. c., p. 102,
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we must have
021 0xy
% _ w2 _
E z® = y E = 0.

Substituting the values of 1, y1, 21 from (57), we have to within a constant
factor

(59) B = \Ja? 4 y®F 4 Z0F
From (22) it follows that the point equation of S® is

#6006y 7 e6P
qudv %7 ou T 0 e

Expressing the condition that the above value of 6 satisfies this equation,

we get
3z® 9x® 9oL oM

ou d  du =0,

and consequently
dx dx 801 601
qude " duow
But this is the condition that 22 + 32 + 2> — 67 also is a solution of the point
equation of S. Moreover, it follows from (59) and (57) that in this case 6,
is the distance from S to S;. Hence from this point of view we have estab-
lished the known
THEOREM 4. When the developables of the congruence of normals to a surface
81 meet a surface S in a conjugate system, the function t giving the distance between
corresponding poinis on S and Sy is a solution of the point equation of S as is
also the function x* + y* + 2* — 2.
Returning to the general case, we have from (50) in consequence of (55)

(60) 0, = 60 — 1.

We have taken k = — 1 so that (52) shall hold. Then Sy, is the parallel S
of S; by means of which S is obtained from S;. Consequently the present
form of (563) is

(61) 2D = 5.

8. ANOTHER FORM OF THE EQUATIONS OF THE THEOREM OF PERMUTABILITY

Suppose now that we have two transforms S; and S of S; we wish to give
the theorem of permutability a new form in view of the preceding results.
Evidently the functions 6;» and 6;, are given by expressions analogous to (57),

namely

0 0
(62) 012 = 02 _ R}‘)B(z]) 021 = 01 - 6(2-%)0(12),
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where 69 is defined by

a0y 98, 469> , 80;
(68) w ST T T

o; and 7; being given by equations obtained from (23) on replacing 1 by j.
Now

1 6,6 ,
o= g g (000 — 8 60),

and from (33) we have
(0 67 — 65 67) (212 — @)

= (690, — 676,)x" + (68, — 6" 6;)z®.
From this equation and (57) we obtain

(64)

6>

(65) (606 — 0009 (as — =) = (800 — 89 0) (oo — 20 ).

We note that the expression in the last parenthesis is similar in form to the
right-hand member of (57). Hence if we put

)
(66) 2P = a® — g5a®,
1

the surface S whose coordinates are 2P, ¥, 2(? is a transform of S® .

If equation (66) be differentiated, the resulting equations are reducible to

ax(xz)_( ’ 0(12) ,)elwla_xl

517 - T2~ 6(1—1)11 T1 ou’
(67)
9a? _f 2(12_) , ) 01 w1 02y
w  \2Te0% ) 5 G

Hence S{ is parallel to S;. We wish to show that it is the parallel surface
whose codrdinates enable the equations of the transformation from S, to Si.
to be given a form similar to (57). The first derivatives of the coordinates
of this desired parallel surface are equal to

’ 3331 ’ axl
T2 u ’ — Oy 9’

where in consequence of (24), (35), (57), and (55)

2
ro_ T12 _ u‘lﬂl ’ 0(_1) ’
Tz = E — Wy = ;1 Ty — 0(]1)7'1 ’
(68)

w1 6,

2

. _0'12+w _ (0, 0(1)0,)

12 — 12 = T 2~ g% )
012 g1 0(1



112 L. P. EISENHART: [January

Comparing these results with (67) we find that S is the desired surface.
If we write (65) in the form

0(1

o<‘>
(69) Ty = Ty — —om—wﬁ”,
@—@@

we note its similarity to (57).

9. TRANSFORMATIONS K

We consider now the particular conjugate systems for which the invariants
h and k of the point equation are equal. From (14) it is seen that in this case
the point equation may be written

30  9log Ypod 9 log Vp 3o
dudv D) 6u+ du v

(70) =0.

From (22) it is seen that the parametric system on S; will have equal in-
variants, if oy and 7, are equal. From (4) and (6) it follows that to within a
constant factor we must have
(71) ¢1 = 201 p.

It is readily verified that this value of ¢, satisfies the equation adjoint to
(70). From (8) we have

(72) 0'1=7'1=0fp.

Now equations (21) become

s _p (0 .
au‘w1<olau+(“1 ) 3u )

3231 .p_ a_x 301
Y _wl(elav t -5y v )

where w; is given by

(73)

6w1 a0, dw, 301

74 u - T Pou ad P

This transformation is the same which we have considered at length in a former
paper, and called a transformation K .*
Equations (24) reduce to

o, = pb, + w,, T = pb, — w,,

and consequently the expressions (39) for the codrdinates of the focal points
* M,, p. 400.
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of the congruence G become

c_phztwz o, phr -
b+ w ! ply — wy

The foregoing results are stated in
THEOREM 5. When a surface S s referred to a conjugate system with equal
point tnvariants and 0, ts any solution of the point equation of S, the surface S,
whose codrdinates are given by quadratures of the form (73), is referred to a con-
Jugate system with equal point invariants, and the developables of the lines jo ning
corresponding potnts on S and S, meet these surfaces in these parametric curves.
Moreover, the focal points of the congruence are harmonic to the corresponding
points on S and S;.
We assume that S; and S, are two surfaces in the relation of transformations
K with S, and apply the theorem of permutability. Equations (26) and (37)
are now reducible to
%(wi9i1)=9(01%—9;§—2), -

(75) (521
] a0; a0, J
55(?0;‘ 0:;;) = —»p (oi'a_v - 0;’35)

from which it follows that

We 021 + w1 012 = const.

From (35) it is seen that the necessary and sufficient condition that 613 = 71218

(76) we 021 + w1 612 = 0.
Hence we have

THEOREM 6. When Sy and S, are two surfaces in the relation of transforma-
tions K with a surface S, of the «? surfaces S1o forming quaterns with them in
accordance with the theorem of permutability of transformations T, «! are in
the relation of transformations K with S, and S, .

From (35) we have

(77) Orwie = w1 (012 — 02) + we 0y, Oy wey = we (01 — 0;) + w05,
and from (36)

(78) Orwie T = —wy Oy + we 0y 22 + w0y .

The coordinates &, 7, ¢, of II, the point of contact of the plane = with its
envelope, as given by (41), are expressible in the form
(79) E__wzelxz—wxele__0110129312—10101233
- wy 01 — w1 62 01 w12 — wy b1o
Trans. Am, Math. Soc. 8
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Hence II is the intersection of the lines MMy, and M, M,; consequently the
points M, of the «! surfaces Sy, lie on the line MM;,. Therefore we have

TrEOREM 7. If S, S1, S2, Si2 are four surfaces of a quatern for trans-
formations K, the plane w of the four corresponding points M, My, M., M;,
touches its envelope in the intersection IL of the lines MM, and M, M;; the
parametric lines on the envelope form a conjugate system whose tangents are
harmonsic to the lines MM, and My My, and contain the focal points of the lines
MM,, MM,, M1s My, M1z M, for the congruences generated by them.*

10. TRANSFORMATIONS I IN TANGENTIAL COORDINATES

When a surface S is referred to a conjugate system, if 2, y, 2, wand X, ¥,
Z, W are the point and tangential coordinates respectively of S so that

(80) Xe+Yy+2z4+Ww=0,
then X, Y, Z, W satisfy an equation of the form

PN O
3uge T %ou T 5% Ep

(81) + YA =0.

Evidently the analytical theory of § 1 is independent of the geometrical inter-

pretation there given, and has a meaning when applied to equation (81).

This we will give and study the relation between the two sets of equations.
The adjoint of (81) is

Pu_ o _oa_o8Y _
(82) udv ~ “ou B 6v ( T du av)”' 0.

If A1 and u, are solutions of these equations, the following integrals have a
meaning:
- )N
o= fm(-a—ul—l— B)\l)du + )\1(79_ - a,ul)dv,

] )N
T = f)\l( £ ﬁu1>du+m(5;1+ Ol)\l)dv-

The functions X, Y1, Z1, W, defined by equations of the form

oX; _ -9 (X Xy - 9(X
(84) ou ‘“au(xl)’ aw _"lav()\l)’

are the tangential coordinates of a second surface, upon which the parametric
curves form a conjugate system.

* Cf. My, p. 409.

(83)
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In addition to (80) we have the equations of condition

Xax+Y +z +W

(85)
X + Y + Z -l- W =0.
Consider the function
(86) b=X 2+ Yy+Z 2+ W, w,
where X,, Y1, Z;, W, are given by integrals of the form

&7 X, fm( +BX)d +X<%——am)d

In consequence of (81) and (85) we have

80
O Ex+ 2w, - Ex 5w,

30,
Fudw Z&u&vx +auav .

(88)

where as usual the symbol ) signifies the sum for three terms in z, y, 2
Hence 6, is a solution of equation (1).*
In like manner it can be shown that \; given by

(89) M = Xz, + Yy, + Zz, + Ww,,

where 2, ¥, 2, , w, are given by equations of the form (3), is a solution of (81).
It is our purpose to show that equations (9) and (84) define the same trans-
formation of S, when 6; and \; are given by (86) and (89).

The analogue of equation (5) is

(90) X=X -3 Ty,

From (9) it follows that the points T, and T,, whose cot6:dinates &, 7,
1, wi; &2, M2, §2, w; are of the form

df«x Jd [z
91) & =%(5{), & =51;(5;),

are the intersections of corresponding tangents to the parametric curves on

S and S;. Since

0 _ 04 _ d log 6: (8log01 )
(92) R u - ( v + a)él - du + b 52:

* Cf. Darboux, Legons, vol. 2, p. 188.
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the points T, and T are the focal points of the congruence of lines T; T.
These lines are the intersections of the tangent planes to S and ;.

We shall show that X}, Y;, Z;, W, are the tangential coordinates of the
locus of T;. In fact, it follows from (80), (85), (86), (87) and (88) that

ZEIX,+("’1W; =0,

93) oW,
ZEI v +(l)1 E) =0°

Moreover, the condition
oW,
Zfl E™ + wrg = 0

follows from
0x0X  ow W
>

3000 Tov ou =0

which is a consequence of (85) and their derivatives.
In like manner it can be shown that the tangential codrdinates X7, Y7,
Z{ , Wy of the locus of T are of the form

(94) Xy fx<%—ﬁul)du+#1(%§+aX)dﬂ.
From (5), (86), (89) and (90) we have
01 = ZXlx + Wl'w,
=>uX+wmW.

When the values of A; and 6, from (89) and (86) are substituted in (4) and
(83), the resulting equations are reducible to

oz , 0w 9z, dw;
o= [(ZxE+wi)ut(TxB+m)a,
- ,0X, ,OW, ,0X; L oW,
=f<2:t,a—ul )du+(2 x, w; avl)dv.
Hence by a suitable choice of the additive constants of integration we have
(96) otao =2 Xz + W, w,.

In consequence of these results we have from (5) and (90)

ZX1x1+W1w1 =0.

(95)

Since also

D EX + e, W, =0,
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it follows from (9), (90), (91) and (93) that

92, dwy _ 921 ows _
ZXI(%'*'WI_,“_O’ 2X131)+W1 " = 0.

Hence equations (9) and (84) define the same transformation T of S.

By making use of the results of § 5, we can obtain the equations of the
theorem of permutability of transformations T from the standpoint of tan-
gential codrdinates. The functions A\;2 and Nz; must satisfy

a_)‘ﬁ_-i l.]) al_”_ _g(x_]) t=1,2, . .
o7 ou ""au(xi ’ o~ Tan\ N (j=1,2, “"’)'

The functions 12, 021, T12, 721 are given by

- - )\2 )\21 ;1 )\1 )\12 ;2

TITia = T2 To1 = ™ + N A1z Aoty
(%8) A X1 1 Ao
G1012 = 02091 = —( 2)\21101+ 1;220-24')\12)\21),

and the tangential coérdinates of Sio, namely X2, Y12, Z12, Wia, are of the
form
(99) MM X = Nehar Xn + M Ae Xo — Mg A X

If equations similar to (95) are to be satisfied, we must have
Me =2 Xizie + Wiwe =2, Xaao + Wyws — 0,
Ma =2 Xoxie + Wowie = 2 Xots + Wowy — 3.

When these equations are differentiated, we find that the resulting equations
are satisfied in virtue of the preceding formulas. Hence we may take \;,
and Ag; as given by (100).

Equations similar to (5) and (90) are

(100)

, 12 091 1
Tz = T12 +@-—x1=a:2——x—~—(—0 +021),
12 >

0, g1

, 2 A Xif Mo
X12=X12+’;—I§X1=X2—£X“_l( L7

M a1
From these equations, (98) and (100) we obtain
2z, X+ w, Wiy = 012 + 012

Consequently when A;s and Ny have the values (100), the expressions (99)
are the tangential codrdinates of Si; whose point codrdinates are given by (45).
From the form of (99) we are led at once to

TueoreM 8. When S, Si, Sz, Si2 form a quatern for transformations T,
four corresponding tangent planes meet in a point.
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During the remainder of this section we assume that the point coérdinates
are cartesian and that X, Y, Z are the direction-cosines of the normal to S.
Consequently — W is the distance from the origin to the tangent plane.

From (58) it follows that z; as it appears in (89) is equal to zo; 4+ z® and
w; = o;. Hence (89) may be replaced by

(101) M= Xa® + Yy© 4 Zz0,

Consequently \, is the distance from the origin to the tangent plane to S©®.
We note that \; and u; determine a transformation of S®. If Xy, ¥,, Z;

are the direction-cosines of the normal to the transform S, and — W{

the distance from the origin to the tangent plane to S, equations (84) are
replaced by

o 2(E)--m2(X), 2(&)-n2(X)
w\Wd) = T Mau\N )’ W\ WP) = e\ N )

But X, Y1, Z; are the direction-cosines of the normal to S, also. Moreover,
the function W is given by

w 2(B)--n2(T), 2(T)-ad ()
103) o, wo) T T Teu\N )’ W\ WP )= Ttap\ N /)

11. TRANSFORMATIONS ) OF CONJUGATE SYSTEMS WITH EQUAL TANGENTIAL
INVARIANTS

When equation (81) has equal invariants, it can be written

82)\1+610g «/;%+alog Vp O\

daw T o0 awt ou g TYM=0.

Analogously to the results of §9 we have that u; = 2p)\; is a solution of the
adjoint of this equation. For this value we have
a1=71=\Np,

so that the tangential equation of the transform is

AN 9 N, 9 N ,
dusn ~ a0 1% VPN gy~ g 108 Yoyt N =0,
which also has equal invariants.
If we put

h=M V;: 0; = )‘;/'J;xly
these equations are equivalent to

azol_(iaw;_ ) 620;_(‘/3\ # 1 ,
dudv ~ \Vpaudw ~ )% qude =\ PMauan v, ~ ) O
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These equations are satisfied respectively by the functions
V1=‘[;X, Vz‘—“[;Y, Vs=‘/;Z;
= Xi/Voh, %= Yi/Voh, ¥ = Zi/ VoM.

In terms of these functions equations (84) are reducible to

J _ dv; - 0%
(')—u(vi %) = (t’la—u - Via_u')
(84" (i=1,2,3).

Jd  _ v; ON
&‘)(Viﬂl) = — (016,0 — Vg, )

Since the tangential equation of S has equal invariants, there exists a surface
Z with this spherical representation of its asymptotic lines. Its point coordi-
nates £, 7, ¢ are given by the Lelieuvre formulas

9t Jn v, 9 v vy *
ou " "9u " Vou’ o V26'0+V3
Similar equations in the functions »; give the point coérdinates of a surface
2, with the same spherical representation of its asymptotic lines as the para-
metric system on S;. Moreover, equations (84’) are the condition that 2
and 2, be the focal surfaces of a W-congruence.t
From the theory of W-congruences it follows that, if X, ¥, Z and X,
Y:, Z, are the direction-cosines (not merely direction-parameters), of the
normals to = and Z, respectively, then

= V;X) = ﬁXlx

where — 1/p% and — 1/p? are the gaussian curvatures of = and Z; respectively.
Hence (84’) may be written

9 (X (X
@(‘[;P—NXQ—P)\ ' 30 ()\ ), (‘/PP1>\1X1)— '61)(_)
Comparing these equations with (102), we have
1
W = ——
‘/—Pl N

and equations (103) become

du o (Vomr M) = ‘aau<;y)’ D (‘/"”‘“WI)“’)‘g(f/)

But these are the equations of transformations @ of conjugate systems with
equal tangential invariants previously found by the author.] Moreover, the
*E., p. 193. A reference of this sort is to the author’s Differential Geometry.

1 E., p. 419.
I sz §§ 1’ 3.
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special surfaces S® and S{", treated in § 7, were used in the discussion of the
transformations Q.*

12. THE EXTENDED THEOREM OF PERMUTABILITY

In this section we extend the theorem of permutability so as to involve a
group of eight surfaces. Let S;, S,, S; be three transforms of S by means
of functions 6;, ¢; for © = 1, 2, 3 respectively. Applying the theorem of
permutability to the three pairs of these surfaces, we get three new surfaces
Si2, S23, S31. We recall that S;; = S;;. Since S;; and S;3 are transforms
of S1, there exists a family of surfaces S’, for each of which S, Sy3, Si3, §’
form a quatern. It is our purpose to show that one of these surfaces S’ is
such that S, Si2, S23, S’ form a quatern; and likewise Sz, Si3, S23, S’

We denote by 612, w2, ¢12 the functions transforming S;, into §’. The
equations analogous to the first of (35) and (36) are

(104) 012 012 w1z = wiz (615 013 + 012 612 — 012 613) ,
012 012 w1z &' = w1z (013 013 T12 + O12 012 15 — 013 012 1) .
In consequence of (36) and an analogous expression for ;3 the second of (104)
is reducible to
012 612 wip 2’ = @, (wu 812 w1z 013

9, 6 05 05,
0? 02: wi3 013 we 013 — 03 B wie 012 w3 012)

(105) /
— g w1z b1z we 013 — T3 wye 012 w3 012

xr ’ ,
+ 9 (w2 031 w13 015 013 + ws 031 wyg 012 612) .

In deriving these equations, we looked upon S’ as a transform of Sy which
in turn is a transform of S;. Looking upon S;; as a transform of S, we get
the analogous equations

! ’ ’ ’ ’ ’
021 051 wa1 = wWo3 (021 021 + 023 025 — 021 023)
’ ’ ’ ’ ’ ’
021 021 wo1 @' = W3 (021 021 T1a + 023 O23 223 — 021 623 932) .

The latter equation is reducible to

621 61 wia &' = — 21 wag O3 w1 Boz — T3 e B 103 Bax
o , 8, 0
+ (wn 021 W3 035 — w21 021 w3 01 03 03:
(106) 0
— Wy3 033 wy 0230 021

x ,
+ o (w3 032 way 021 021 + w1 O1p Wos O23 O23) .

* M., §6.
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From their definition it follows that 0;; and w3, are the same functions as
0:, and w}, respectively. Making use of this fact, we eliminate 2’ from (105)
and (106). In the reduction we note that from (35) we have

wy Wiz 01 012 = wa way 62 053,
The resulting equation is of the form
Axl +B$2 + Cx = 0,

where 4, B, and C are determinate functions. These functions must equal
zero, since equations similar to the above hold also in the y’s and 2’s. This
gives the three equations

012

013
’ ’ ’ ’
0, wig 012 wis 015 — O i3 013 we 9210_12 — 03 w1 015 w3 031 57—

013
+ 02 w; O3 wy3 023 = 0,

’ ’ ’ 0 ’ 0
(107) 02 way 021 o3 033 — B3 way 021 w3 O3 0—:: — 01 was 023 w1 612 f:

7’
+ 01 w1 013 w13 615 = 0,
’ ’ ’
wi3 013 w1 013 w2 Oa; + wie 012 w1 012 w3 O31 — Wwoy 021 we 31 w3 O3,
4
— Wa3 023 w1 012 we 023 = 0.

It is readily found that these equations are equivalent to the three

, 0;
(108) 0; wij 0;5 = 0; w; oji'g_f + 0 w; 0x — 0 w; 0
1)
(i=1,2,j=1,2, k=1,2
Ry :

When these values are substituted in (105), the result is reducible to
D2’ = 2, (0, 031 023 + 03 021 032 — 01 023 032)
+ @5 (0, 013 035 + 03 012 0351 — 63 031 613)

(109)
~+ 23 (01 023 012 + 03 021 013 — 03 02 612)
+ (012 023 031 + 021 013 032),
where .,
01 612 w12 012 1o
p = A Wi T Bie
W W3
(110)

= 0; (013 032 + 012 O35 — 032 033) + 02 (031 025 + 031 615 — 613 051)
+ 03 (012 031 + 032 021 — 012 051) + 013 O35 021 + 01 023 031

When we proceed with S’ as a transform of Sy3 or Sz, we arrive at the same
result, which evidently is of symmetric form.
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It remains for us to show that the functions 6;; as given by (108) satisfy
equations analogous to (26), namely

d , 0 [0 d , d (0
(111) EE(W“G”)"Tﬁéﬁ(oﬁ)’ av(wﬁew)--0ﬁ55(§;)-

We know that this is true, since (108) for : =1, j = 2, k = 3 follows from
(36) when 12, 1, @2,  are replaced by 602, 013, 623, 0; respectively; and
these results are general. Hence we have the extended theorem of permuta-
bility:

THEOREM 9. If IS, S1, Sz, 812; ‘.S, Sz, Sa, S23; S, Sa, Sl, Sls are three
quaterns of surfaces, a surface S’ can be found, without quadrature, such that
81, S12, S13, 8’5 S2, S12, Se3, 8’5 S3, S13; Ses, S’ are quaterns.

13. RELATIONS BETWEEN TRANSFORMATIONS I' AND RADIAL TRANSFORMATIONS

If w is a solution of equation (18), the surface S whose codrdinates z, 7, z,
are given by

;=2 D 5 =2
(112) x—w’ y—w7 z_wy
is referred to a conjugate system. In fact, the point equation of S is
320 9 log w0 d log ' 96
(113) 8u61;+(a +—6v )6u+(b+ ou )av—O.

We say that S is obtained from S by a radial transformation, since the line
joining any pair of corresponding points on S and S passes through a point—
the origin.

If 6, is a solution of (18), then 6; = 6;/w is a solution of (113). Also it
can be shown that if ¢, is a solution of the adjoint equation of (18), then
1 = ¢1 w is a solution of the adjoint of (113).

\iVe consi_der the transformation 7T of S by means of these functions 6; and 31 .
If 7, and o, denote functions analogous to 7; and ¢, it is readily found that
to within additive constants we have

TL = T1, g1 = 01.

Assuming these values, we have from equations (20) and the analogous ones,

2 =nl(2), Zmm - -al(2)
du "t = Tau\g ) g (81 1) = — oG, 6./)’
by integration

(114) T ’[bl = X W1

to within an additive constant. Also @, is given by

dy - 0 (1) 0 (v Oty _ 9 (v
(115) du “au(gl)“ 716u<01) ’ d —0160(01)'
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Evidently there exists a function w; defined by

d d [w d 0 fw
(116) a—u(w1w1)=n%(0—1), 5;(w1w1)= —01%(0—1),

which equations are similar to (20). Comparing (115) and (116), we note
that w; can be chosen so that

117) Wy Wy = W1,

and consequently we have from (114)

k]
-

o g ol
(118) xl—wl, U wl 1

I
l

N

1

£

Hence we have

TaEOREM 10. If two surfaces S and S are in the relation of a radial trans-
formation and Sy is a T transform of 8, a surface Sy can be found by a quad-
rature which is a radial transform of Sy and a T transform of S.

When in particular w = 6;, then 6; = 1, and consequently § and S; are
parallel. Now in all generality we take

’17)1=—1, w1=—1/w1.
Therefore, we have
THEOREM 11. A transformation T s equivalent to the combination of an
axtal, a parallel and an axial transformations.
Consider now a general quatern of surfaces S, S, Sz, Si2. From (116),
(26) and analogous equations it follows that the functions
1
w = 0, w; = b, w2=u72
determine axial transformations of S, S; and S, respectively, into S, 81, S,.
The equations determining the axial transform of Sy, as of the pair S; and S,

are
9 ) = 9 i‘) 9_( ) = — ?.(Ql.)
au(wlz Wiz ) = Tuau 0./’ 30 w12 Wiz ) = 612611 02"

In consequence of the preceding equations we may take wiz = 1/ws;.
In order to show that the same function w;; determines the axial transform
of S5, as of the pair S; and S;2, the following equations must be satisfied:

W21 _ i 1 d W1 _ i( 1 )
(119) au( ) - Tn&u(wz 021) ’ év(wlg) - 0-2161) W 021 ‘

When the values of w2, wa1, 021 and 72,, as given by (35) and analogous equa-
tions are substituted, it is found that (119) are satisfied. Hence the surfaces
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S, Sy, Sa, Sis form a quatern. Their codrdinates are of the form

8

x - 31 . -~
g Ty =,7", Ty = Tg W, T2 = 13 Wis,
0, 012

the transformation functions being

- [7] _

01=5‘1, ¢1 = 0301, Wy = w b12;
s

6, =1, ¢ = 02 69, we = 1;

O =1, b1z = 013 612, W12 = 1;

—_ — ¢ _ w

021 = ws 01, ¢21 = u—i—l s Wey = 17)‘3 .

These functions satisfy equations analogous to (35).

In a similar manner we get a second quatern by using 6, for the axial trans-
formation of S. Hence we have

THEOREM 12. When a quatern of surfaces ts known, two other quaterns each
containing two pairs of parallel surfaces can be found without quadrature, and
these surfaces are axial transforms of the surfaces of the given quatern.

As a matter of fact axial transformations can be looked upon as special
types of transformations I'. For if we take
w

1
T2=—0'2=1, 02=w_1’ 'w2=0_2+1=m’

equations of the form (19) and (20) with subscripts 2 instead of 1 are integrable
in the form

x y 3
Xy = — = - B9 = — ,
w’ 2=y T w

Let us apply the theorem of permutability to the case in which S; is given
as above. One solution of (37) is

0, 0,
wWe Ug w
We find also
T = —op =1, g21 = 01, Tol = T1,

w1z 012 = 1 4 by2, war = w1 (1 + 612).

Hence if we put w; = 612 + 1, equation (36) in this case reduces to (118).
Consequently the theorem of permutability is equally true when an axial
transformation is used. It is readily shown also that theorem 12 can be
established by means of the generalized results of § 11.
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